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Turbulence Modeling for Very Large-Eddy Simulation
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An approach is described that attempts to bridge the gap between the traditional Reynolds-averaged
Navier–Stokes (RANS) simulation and the traditional large-eddy simulation (LES). This approach affords an
intermediate resolution of turbulence scales relative to those of RANS and LES and has the characteristics of the
very large-eddy simulation (VLES). The very large scales of turbulence are directly calculated, and the effects of
the unresolved scales are accounted for by an eddy viscosity model that is evolved from state-of-the-art models used
in the RANS approach. The dependent variables and governing equations are based on a temporal filtering with a
constant filter width. The contents of both resolved and unresolved scales are regulated by the width of the filter.
The dependent variables and governing equations will naturally evolve from RANS to VLES and further toward
LES, when the width of the temporal filter is decreased from the turbulent integral timescale to its fraction and
all of the way toward the Taylor microtimescale. The subscale model uses a resolution control parameter, which
is a function of the temporal filter width, to regulate the content of resolved/unresolved scales. This approach is
called the partially resolved numerical simulation. Its mathematical formulation is described. Also, a guideline is
provided for selecting the resolution control parameter and the grid spacing that optimizes the accuracy of the
numerical simulation. Results from validation studies are then reported.

I. Introduction

M ANY engineering applications involve transient flows in
which coherent structures play a very important role in de-

termining the turbulent mixing and other turbulence dynamics. It
is known that the Reynolds-averaged Navier–Stokes (RANS) sim-
ulation cannot capture important turbulent unsteady effects. On the
other hand, the large eddy simulation (LES), which typically re-
solves turbulence scales down to the range of the inertial scales,
can be too costly when the resolution of only the relatively larger
scales is required. There is a need for approaches that are capable
of extracting some of the large-scale unsteady features of turbu-
lent flows at reasonable computational costs, as evidenced by the
recent development of various hybrid RANS/LES approaches.1−9

The basic strategy is to reduce the turbulent eddy viscosity in the
fine-grid regions to promote a LES type of behavior and revert to
a RANS type of behavior in the coarse grid regions. The switch
between RANS and LES is usually based on a criterion in terms of
local grid spacing and local flow quantities. Most of the approaches
invoke spatially filtered equations for the resolved scales of turbu-
lence, and the constitutive equation of the subgrid model explicitly
has the local computational mesh size as a parameter because the
local grid spacing is also construed as the local width of the spatial
filter. There are several issues associated with the spatially filtered
equations and the use of computational mesh size as a parameter
in the constitutive equation of subgrid model. The first issue is the
commutation error due to the nonuniform computational mesh.10

The second one is the inconsistency between the filter functions
and subgrid models.11 This inconsistency may give rise to difficul-
ties when simultaneously executing the filter function and subgrid
model. For example, the dynamic procedure based on the Germano
identity (see Ref. 12) may lead to an unphysical model coefficient.
The third issue is that a grid-independent solution cannot be attained.
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If we accept the premise that small-scale motions tend to have small
timescales and use temporal filtering with a fixed filter width to de-
fine the large scales of turbulence, together with a subscale model
that does not have grid spacing as a parameter in its constitutive
equation, then all of these issues can be largely avoided.

In numerical simulation of turbulent flows, there are three kinds
of resolutions involved. The first one is the low end of the resolved
scales of turbulence, denoted by ηr , which is mainly determined
by the modeled subscale eddy viscosity νT and can be estimated
as (ν3

T /ε)1/4 using a simple dimensional analysis. Here, ε is the
dissipation rate. The second one is the numerical grid spacing �,
which must be smaller than ηr to capture numerically the low end
of the resolved scales. The third one has its origin in the numerical
scheme and is characterized by a numerical viscosity νerror, which
will determine a contamination length scale ηerror = (ν3

error/ε)
1/4 that

must be negligibly small when compared with ηr , that is, νT � νerror.
In practice, we require that

� ≤ ηr , ηerror � ηr (1)

When subgrid models such as νT = Cs S�2 are used in conjunction
with numerical schemes of lower accuracy, for example, the trunca-
tion error is of second order, that is, ∼�2, the condition νT ≈ νerror

could occur in some regions and thus, the eddy viscosity of unre-
solved turbulence would be severely contaminated by the numerical
dissipation. In this case, a reduction in contamination is not achieved
by just reducing the grid spacing. However, if the constitutive equa-
tion of the subgrid model does not use the grid spacing as one of its
parameters, and resolves very large eddies with more sophisticated
formulations, then condition (1) can be satisfied with relative ease.

In the following sections, we describe the mathematical formula-
tion for the current approach and provide a guideline for selecting
the resolution control parameter and the grid spacing that optimizes
the accuracy of the numerical simulation. Results from validation
studies are then reported.

II. Partially Resolved Numerical Simulation
This approach is based on the premise that small-scale motions

tend to have small timescales and a temporal filter with a fixed width
is used to define the large-scale turbulence. In partially resolved nu-
merical simulation (PRNS), the governing equations for the resolved
part of the turbulent motion are modified Navier–Stokes equations,
in which the dependent variables can evolve from the statistical
means (as in RANS) to the partially resolved large-scale variables
(as in LES), depending on the value of the temporal filter width.
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The corresponding subscale models can also evolve from represent-
ing the effect of all turbulent scales (as in RANS) to representing
only the effect of those unresolved scales (as in LES). In between,
when the level of resolution is somewhat lower than that of the tradi-
tional LES, PRNS becomes a very large-eddy simulation VLES (see
Ref. 6). Performing temporal filtering with a constant filter width
on the Navier–Stokes equations produces no commutation error.
In addition, some general statistical relationships between the in-
stantaneous turbulence and the resolved/unresolved turbulence can
be established. These exact relationships can be used to compare
directly measured turbulent quantities with their calculated coun-
terparts. The unresolved stresses and fluxes are modeled via a k–ε
model, in which k is the kinetic energy of unresolved scales defined
by the trace of unresolved stresses and ε is its dissipation rate. A
set of modeled transport equations will provide k and ε. The sub-
scale model uses a resolution control parameter (RCP), which is a
function of the temporal filter width, to regulate the content of re-
solved/unresolved scales. By varying this resolution control param-
eter, we can conduct VLES from RANS toward LES. Most recently,
a similar effort has been reported by Girimaji and Abdol-Hamid,13

and their approach is termed as the partially averaged Navier–Stokes
(PANS). From the practical application point of view, the major dif-
ference between our approach and PANS lies in the choice of the
resolution control parameter and the form of the modeled transport
equation for the dissipation rate.

A. Definition of Large-Scale Turbulence
When a homogeneous temporal filter G(t − t ′) is used, a large-

scale variable φ̄ and its density-weighted variable φ̃ can be defined
as

φ̄(t, xi ) =
∫

φ(t ′, xi )G(t − t ′) dt ′, φ̃ = ρφ

ρ̄
(2)

where the integral is over the entire time domain and G satisfies the
condition ∫

G(t − t ′) dt ′ = 1

For example, the following top hat filter with the width �T satisfies
this condition:

G(t − t ′) =
{

1/�T , if |t − t ′| ≤ �T /2

0, otherwise (3)

When this filter is used, the left part of Eq. (2) becomes

φ̄(t, xi ) = 1

�T

∫ t + �T /2

t − �T /2

φ(t ′, xi ) dt ′ (4)

Equation (4) indicates that φ̄ and φ̃ will become a Reynolds-
averaged quantity and a Favre-averaged quantity, respectively, as
�T → ∞. On the other hand, they may become an instantaneous
turbulent quantity as �T → 0. For a finite �T , they represent a quan-
tity determined mainly by the large scales of turbulence. Apparently,
�T regulates the content of both resolved and unresolved scales.

B. Governing Equations
Performing operation (2) on the Navier–Stokes equations, we

obtain a set of governing equations for the resolved large-scale tur-
bulence as follows:

(ρ̄ũi ),t + (ρ̄ũi ũ j ), j = − p̄,i − τi j, j + (
2μ̄S̃i j − 2

3
δi j μ̄S̃kk

)
, j

(5)

(ρ̄ẽ),t + (ρ̄ũi ẽ),i = (κ̄ T̃,i ),i + pSkk − qi,i

+ (
2μ̄S̃i j Si j − 2

3
μ̄S̃kk Sii

) + Q̄ (6)

ρ̄,t + (ρ̄ũi ),i = 0, p̄ = ρ̄RT̃ (7)

where Si j = (ui, j + u j,i )/2. In Eqs. (5–7), the subscripts , t and , i
represent the temporal and spatial derivatives, respectively; ρ, ui , T ,
p, e, and Q are the density, velocity, temperature, pressure, internal
energy per unit mass, and radiation rate; μ and κ are the viscosity
and heat conductivity; R is the universal gas constant; and τi j and
qi are the unresolved stresses and heat fluxes,

τi j ≡ ρ̄(ũi u j − ũi ũ j ), qi ≡ ρ̄(ũi e − ũi ẽ) (8)

Note that two types of resolved large-scale variables appear in the
preceding equations, φ̄ and φ̃, where φ̄ is defined by a temporal
filtering and φ̃ is defined by a density-weighted temporal filtering.

C. Time-Averaging Relationships
A few useful relationships between the time average (Reynolds

and Favre) of a turbulent variable and the resolved/unresolved quan-
tities will be derived. These relationships will allow us to make a
direct comparison between experimentally measured data and re-
sults from numerical simulations.

1. First-, Second-, and Higher-Order Moments
The definition of Reynolds averaging and Favre averaging of a

turbulent variable φ can be written as

〈φ〉 = lim
T → ∞

1

T

∫ T/2

−T/2

φ dt, [φ] = lim
T →∞

1

〈ρ〉T

∫ T/2

−T/2

ρφ dt

(9)
where φ can be ui or ui u j , or ui u j uk , etc.; T is the entire time do-
main; 〈φ〉 is the pure time-averaged (Reynolds-averaging) quantity;
and [φ] is the density-weighted time-averaged (Favre averaging)
quantity.

If we divide T into M intervals, and each interval has a finite
width �T , then the Favre-average [φ] in Eq. (9) can be written as

[φ] = lim
T → ∞

�T

〈ρ〉T

(
1

�T

∫ t1 + �T /2

t1 − �T /2

ρφ dt + · · ·

+ 1

�T

∫ ti + �T /2

ti − �T /2

ρφ dt + · · · + 1

�T

∫ tM + �T /2

tM − �T /2

ρφ dt

)
(10)

where M = T/�T . Because each component in Eq. (10) represents
a top hat temporal filtering that defines a quantity characterizing the

resolved large-scale turbulence (ρ̄φ̃)(i), Eq. (10) can be written as

[φ] = lim
M → ∞

1

〈ρ〉M

M∑
i = 1

(ρ̄φ̃)(i) (11)

The right-hand side is an ensemble averaging, and we denote it by

{ρ̄φ̃}. We also notice that 〈ρ〉 ≡ {ρ̄}; therefore, Eq. (11) becomes

[φ] = {ρ̄φ̃}/{ρ̄}. Consequently, we may establish the following
relationships:

[ui ] = Ui = {ρ̄ũi }/{ρ̄}, [ui u j ] = {ρ̄ũi u j }/{ρ̄}

[ui u j uk] = {ρ̄ ˜ui u j uk}/{ρ̄}, . . . (12)

2. Reynolds Stresses Ri j and Resolved Large-Scale Stresses Ti j

According to the conventional definition, we may write the
Reynolds stresses Ri j as

Ri j = 〈ρ(ui − [ui ])(u j − [u j ])〉/〈ρ〉 = [ui u j ] − [ui ][u j ] (13)

Using the definition of the unresolved stresses τi j , we may write
{τi j } = {ρ̄ ũi u j } − {ρ̄ũi ũ j }. From Eqs. (12) and (13), we obtain

Ri j = {τi j }/{ρ̄} + {ρ̄ũi ũ j }/{ρ̄} − {ρ̄ũi }{ρ̄ũ j }/{ρ̄}{ρ̄} (14)

If we define the resolved large-scale stresses Ti j as

Ti j ≡ {ρ̄(ũi − {ρ̄ũi }/{ρ̄})(ũ j − {ρ̄ũ j }/{ρ̄})}/{ρ̄}
= {ρ̄ũi ũ j }/{ρ̄} − {ρ̄ũi }{ρ̄ũ j }/{ρ̄}{ρ̄} (15)
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Equation (14) then becomes

Ri j = Ti j + {τi j }/{ρ̄} (16)

Equation (14) or (16) will allow us to calculate exactly the Reynolds
stresses using the solution of the resolved field in conjunction with
the modeled unresolved stresses, for example, Eq. (19), and to make
apple-to-apple comparisons with experimental data. A similar rela-
tionship can be derived for the scalar fluxes:

Ri = Ti + {qi }/{ρ̄} (17)

where Ri =〈ρ(ui − [ui ])(e − [e])〉/〈ρ〉, Ti = {ρ̄ũi ẽ}/{ρ̃} − {ρ̄ũi }
{ρ̄ẽ}/{ρ̃}{ρ̃}, and qi is the unresolved flux defined in Eq. (8) and
modeled by Eq. (19). In this section, several averaging procedures
are employed. Reynolds averaging is a pure time averaging de-
noted by 〈φ〉 (usually for incompressible flows). Farve averaging
is a density-weighted time averaging denoted by [φ] (usually for
compressible flows). The ensemble averaging is denoted by {φ}. It
can be shown that an ensemble averaging is equivalent to a pure
time averaging, that is, {φ} = 〈φ〉, if the turbulence is statistically
steady.

D. Modeling of Unresolved Turbulent Stresses and Fluxes
1. Nonlinear Stress and Flux Model

The exact transport equation for the unresolved stresses τi j can
be derived according to its definition, ρ̄(ũi u j − ũi ũ j ). The equation
has the following form:

τi j ,t + (ũkτi j ),k = Di j + �i j + Pi j − ρ̄εi j (18)

where

Di j = −(ρ̄ ˜ui u j uk − ρ̄ũi u j ũk) + {
2μ̄ũ j Sik − 2

3
δikμ̄ ˜u j Smm

− [
ũ j

(
2μ̄S̃ik − 2

3
δikμ̄S̃mm

)]}
,k

+ (τik ũ j + τ jk ũi ),k

− (pu jδik + puiδ jk − p̄ũ jδik − p̄ũiδ jk),k

+ {
2μ̄ ũi S jk − 2

3
δ jkμ̄ ũi Smm − [

ũi

(
2μ̄S̃ jk − 2

3
δ jkμ̄S̃mm

)]}
,k

�i j = 2pSi j − 2 p̄ S̃i j

Pi j = −τik ũ j,k − τ jk ũi,k

ρ̄εi j = [
2μ̄(S̃iku j,k + S̃ jkui,k) − 4

3
μ̄S̃mm Si j

]
− [

2μ̄(S̃ik ũ j,k + S̃ jk ũi,k) − 4
3
μ̄S̃mm S̃i j

]
In principle, Eq. (18) could be used in the numerical simulation;
however, for simplicity and practical applications, we will consider
only the following algebraic models for the unresolved stresses and
fluxes, with Eq. (18) being traced to provide a transport equation
for the unresolved turbulent kinetic energy:

τi j = −2μT

(
S̃i j − 1

3
δi j S̃kk

)+ 1
3
δi jτkk +· · · , qi = −κT T̃,i (19)

where the ellipses are the nonlinear terms representing the effects of
anisotropy and swirling,14 which may become important when the
unresolved scales become sufficiently large, μT is the subscale eddy
viscosity contributed by the unresolved scales, and κT are the eddy
diffusivities for the heat, which are often modeled as κT = μT /PrT ,
where PrT is the turbulent Prandtl number.

2. Eddy Viscosity Model for Unresolved Scales of Turbulence
We consider the following factors that could affect μT : the un-

resolved turbulent kinetic energy k and its dissipation rate ε, a
global turbulent time integral scale T for a given turbulent flow,
and the temporal filter width �T , which is a fraction of T . Then,
μT /ρ̄ = f (k, ε, �T , T ). When the π theory of dimensional analy-
sis is applied, it leads to μT /(ρ̄k2/ε) = f (�T /T ). The right-hand
side can be expanded as f = C0 +C1(�T /T ) + C2(�T /T )2 + · · ·,

where C0 must be zero because the subscale eddy viscosity ap-
proaches zero as �T → 0. If we take the leading term as a first-order
approximation, we have

μT = (�T /T )C1ρ̄(k2/ε) (20)

Now, the subscale eddy viscosity is directly proportional to the ratio
of �T /T , even if, strictly speaking, it is mathematically valid only
for small �T /T . For practical application, when this ratio goes to
one, the subscale eddy viscosity should approach its RANS coun-
terpart. Therefore, we choose C1 to be the familiar Cμ used in the
RANS model, which is given by, for example, the sophisticated
model formula15,16 or a value of 0.09 as in the standard k–ε model.
From the preceding discussion, we propose the following model for
the subscale eddy viscosity:

μT = RCP · Cμ · ρ̄ · k2/ε, RCP = �T /T (21)

where RCP explicitly regulates the subscale eddy viscosity. Equa-
tion (21) is a simple model for explicitly taking into account the
effect of the parameter �T /T on the resolved flowfield. More so-
phisticated formulations are possible, for example,

RCP = [1 − exp(−A1 · �T /T )]A2 (22)

where A1 and A2 are constants and need to be determined.

3. k–ε Transport Equation Models
The variables k and ε will be determined by their modeled trans-

port equations. We start from Eq. (18): If the diffusion term Di j is
modeled by an eddy viscosity diffusion, and the term Pi j is modeled
via Eq. (19), then the trace of Eq. (18), k = τi i/2ρ̄, becomes

∂

∂t
ρ̄k + ∂

∂xi
ρ̄ũi k = ∂

∂xi

[
(μ̄ + μT )

∂

∂xi
k

]
+ 2μT S̃i j S̃i j − ρ̄ε (23)

where the dissipation rate is defined by ρ̄εi i/2, that is,

ρ̄ε = (
2μ̄S̃i j Si j − 2

3
μ̄S̃mm Sii

) − (
2μ̄S̃i j S̃i j − 2

3
μ̄S̃mm S̃ii

)
(24)

The exact transport equation for the dissipation rate can be derived
but is very complicated. A model equation can alternatively be con-
structed by analogy to Eq. (23) as

∂

∂t
ρ̄ε + ∂

∂xi
ρ̄ũiε = ∂

∂xi

[
(μ̄ + μT )

∂

∂xi
ε

]

+ Cε12μT S̃i j S̃i j
ε

k
− Cε2

ρ̄ε2

k
(25)

where Cε1 and Cε2 are the model coefficients. From the theory of
energy cascade from large scales to small scales,17 the dissipation
rate of turbulent energy is mainly determined by the rate of energy
cascade: In PRNS, we mainly are interested in the very large scales of
motion; hence, it is reasonable to expect that the modeled dissipation
equation for the unresolved turbulence has a similar form to the
one in the RANS model and the model coefficients will have about
the same values as their RANS counterparts. Therefore, we adopt the
common values of Cε1 = 1.45 and Cε2 = 1.92. Of course, they can be
further constructed as the functions of local turbulence quantities.18

4. Resolution Control Parameter
The RCP is used to regulate the scale content of the resolved field

via the subscale eddy viscosity model for unresolved scales. More
specifically, it implicitly and nonlinearly determines the low-end of
the resolved large scales. When RCP = 1, the low end of the resolved
scales is the integral length scale of the turbulence, therefore, the
unresolved field contains all scales of the turbulence, and this is a
RANS simulation. As the value of RCP decreases, the low end of
the resolved scales is expected to move toward smaller scales, and
the unresolved field now contains fewer large scales. Because most
of the vorticity is associated with small-scale motions, and most of
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the energy is associated with large-scale motions, the vorticity of
the resolved field should increase and the turbulent kinetic energy
of the unresolved field should decrease. In addition, the subscale
eddy viscosity should also become smaller to reflect the reduced
effects of a down sized unresolved field. It will be demonstrated in
the next section that, for the cases considered, the reduction in RCP
does yield the physically consistent behavior already described.

In planning a VLES for a given turbulent flow, one may often ask
the following questions: How do we choose the value of RCP from
the outset? How do we estimate the corresponding numerical grid
size needed for this simulation? For a given numerical grid size, how
do we choose RCP to yield a resolved scale level that the numerical
grid can capture? To answer these questions, let us first introduce
a useful length scale by invoking a Kolmogorov type of analysis.
This length scale, ηPRNS, is the effective size of the dissipative eddies
permitted by the subscale eddy viscosity νT and the dissipation rate
ε of the unresolved field and is estimated by

ηPRNS = (
ν3

T

/
ε
) 1

4 (26)

Naturally, ηPRNS should be the low end of the resolved scales
in PRNS. Because Eq. (21) can be formally written as νT =
RCP · νRANS · (k2/ε)/(k2

RANS/εRANS) ≤ RCP · νRANS, then Eq. (26)
leads to

ηPRNS ≤ RCP
3
4 · (ν3

RANS

/
ε
) 1

4 ≈ RCP
3
4 · (ν3

RANS

/
εRANS

) 1
4

= RCP
3
4 · ηRANS (27)

where ηRANS = (ν3
RANS/εRANS)

1
4 represents a scale due to the RANS

model eddy viscosity and the dissipation rate, which is of the order of
the turbulent integral length scale �. On the other hand, the numerical
grid size � should be smaller or equal to ηPRNS. Therefore,

RCP ≥ (�/�)
4
3 (28)

Fig. 1 Contours of axial velocity using different RCPs; simulations evolve from RANS toward LES.

Equation (28) is useful in several ways. When RCP is given from the
outset, it can be used to estimate the largest possible value of the grid
spacing relative to the turbulent integral length scale. Alternatively,
when the grid spacing is given from the outset, Eq. (28) can be used
to estimate the smallest possible value of RCP that the given grid
size can support.

We will first discuss the case of specifying RCP from the outset
of a simulation. Note here that all of the simulations presented in
the next section belong to this case. Based on the available informa-
tion on the flow and geometry, we may estimate the global integral
timescale T and the integral length scale �. For a VLES, we may
choose the width of the temporal filter �T as a fraction of T , for
example, �T /T ≈ 0.38, this determines RCP from Eq. (21). Sub-
sequently, an estimate of the compatible grid spacing � is obtained
via Eq. (28). Furthermore, let L be the length of the computational
domain and keep in mind that � now is a representative of the low-
end scale of the resolved motions; then, the number of grid points
needed for the PRNS simulation, NPRNS ≈ (L/�)3, can be written as

NPRNS = (L/�)3 · (�/�)3 = NRANS · RCP− 9
4 (29)

where NRANS ≡ (L/�)3 is the estimation of the grid points for the
RANS calculation. Based on the number of grid points needed for
a RANS calculation and the chosen value of RCP, Eq. (29) pro-
vides an estimation of the number of grid points needed for a PRNS
simulation.

In the case of having to work with a given number of grid points
and/or a given grid size distribution, we may judiciously choose a
region in the flowfield and use the characteristic grid size � and
an estimated integral length scale � in this region to estimate the
value of RCP via Eq. (28). A much more sophisticated way is to
first carry out the RANS calculation to obtain the field of local �,
then together with the given local grid spacing, a field of local RCP
is estimated via Eq. (28). Subsequently, this field of local RCP is
used in the PRNS calculation. Note that the analysis in Sec. II.D.2
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Fig. 2 Contours of vorticity magnitude with different RCPs.

Fig. 3 Contours of kinetic energy of unresolved scales with different RCPs.
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Fig. 4 Contours of effective eddy viscosity with different RCPs.

Fig. 5 Time-averaged axial velocities with different RCPs compared
with experimental data; Re = 1.4579 ×× 105.

still holds when the global integral timescale T is replaced with
the local integral timescale. We will examine this elaborate way of
estimating the RCP field in our future work.

III. Validation: Simulation of Fully Developed
Turbulent Pipe Flows

The numerical platform is a NASA in-house code for simulating
turbulent combustion in propulsion systems. A detailed description
of this code may be found in two reports.19,20 It employs a cell-
centered finite volume method on unstructured grids, and it uses

Fig. 6 Comparison of axial mean velocity with experimental data at
Reynolds number 1.5 ×× 104: ——, experimental data; �, RCP = 1.0;
�, RCP = 0.78; and �, RCP = 0.38.

a dual-time-stepping procedure for time-accurate simulations. The
numerical accuracy of this code is formally second order. It already
has a two-equation k–ε algebraic nonlinear model for the Reynolds
stress. In the context of PRNS, the mathematical form of the gov-
erning equations to be solved are identical to those already imple-
mented in the code except that the turbulent stresses and fluxes are
to be regulated by an RCP. Therefore, this existing code is already
in a position to perform PRNS.
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The AGARD advisory report provides the experimental data21 of
fully developed turbulent pipe flows. The test case PCH04/re15e4 is
for a relatively high Reynolds number, 1.4579 × 105, based on the
diameter and maximum velocity. Only the mean flow data are avail-
able for comparison. The test case PCH03 is for a lower Reynolds
number, Reτ = 1382 (based on the frictional velocity), and both the
axial mean velocity and its rms value are available.

We have performed PRNS calculations for three different
Reynolds numbers: Re = 7 × 103, 1.5 × 104, and 1.4579 × 105.
Variation of Reynolds number is accomplished through changing the
maximum velocity. The pipe diameter and the length of the computa-
tional domain are 0.12936 and 0.6468 m, respectively. The periodic

Fig. 7 Comparison of rms fluctuating velocities with experimental
data at Reynolds number 1.5 ×× 104; experimental data have only axial
velocity component.

Fig. 8 Velocity signals and respective spectrums at several locations for Reynolds number 1.5 ×× 104.

boundary condition was applied at the inlet and outlet boundaries.
At the wall, a generalized and unified wall function22 was applied.
This wall function is valid for various pressure gradients includ-
ing those associated with zero skin friction. The initial flowfield
was specified with a randomly disturbed profile. The numerical grid
consists of about 900,000 hexahedral elements, and this is consis-
tent with an estimation from Eq. (29). For a typical RANS simu-
lation, around 28 grid points are distributed along the diameter. If
the same grid spacing is used along the 5-diam-long pipe, then the
total number of grid points will be about 100,000. If we choose
RCP = 0.38, then Eq. (29) suggests that about 900,000 grid points
will be needed for a PRNS simulation. Note that the same grid dis-
tribution was used for all of the other simulations using larger values
of RCP.

For the pipe flow at a higher Reynolds number Re = 1.4579 ×
105, Fig. 1 shows the features of the instantaneous contours of ax-
ial velocity for three values of RCP: 1.0, 0.78, and 0.38. Figure 1
shows that the resolved scales become finer and finer as RCP be-
comes smaller and smaller, and the simulated flows display charac-
teristics from that of the RANS type toward that of the LES type.
The same phenomena are also clearly shown in Figs. 2–4, which
are contours of vorticity magnitude, kinetic energy of unresolved
scales, and effective eddy viscosity, respectively. Note that, as RCP
decreases, the vorticity magnitude of the resolved field increases,
whereas both the kinetic energy and the effective eddy viscosity of
the unresolved field decrease. As discussed in the preceding sec-
tion, this is consistent with the turbulence physics. In Fig. 5, the
axial mean velocity profiles obtained from these simulations are
compared with the experimental data. The best result is given by
RCP = 0.38, for which a larger range of turbulent scales have been
resolved.

The results for the pipe flow at Reynolds number of Re =
1.5 × 104 are shown in Figs. 6–8. Figure 6 shows a comparison
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Fig. 9 Velocity signals and respective spectrums at several locations for low-Reynolds-number pipe flow.

of the calculated mean velocity (normalized by the wall friction ve-
locity) with the experimental data.23 As expected, the simulation
with RCP = 0.38 gives the best result because it directly calculates
the motions of a larger range of scales. Figure 7 presents the rms val-
ues of the fluctuating velocities of the resolved field obtained with
RCP = 0.38. The experimental data only have the axial component.
It is apparent that the calculated axial rms velocity component is in
good agreement with the experimental data. In the simulation, we
dispatched 15 probes along the radius from the centerline toward
the wall to record the time history of the resolved flowfield. Vari-
ous statistics of the resolved field have been analyzed, including the
power spectrum density of the fluctuating velocities. The velocity
signals at three locations, that is, the centerline, the half-way point
between the centerline and the wall, and the near wall and their
power spectrum density (PSD) for the simulation with RCP = 0.38
are shown in Fig. 8. These broadband power spectrums suggest that
a range of large-scale motions have been captured by PRNS.

For the lower Reynolds number, Re = 7 × 103, the simulations
were carried out for three values of RCP: 1.0, 0.47, and 0.38. The
axial mean velocity, its fluctuations, and time power spectrums are
all looking reasonable, but unfortunately, there are no experimental
data available for this low-Reynolds-number case. Here, we present
only Fig. 9 to demonstrate that a broadband power spectrum of the
axial velocity was also obtained with RCP = 0.38.

IV. Sample Application: Nonreacting Flow
in a Single Injector Flame Tube

The injector used in an industrial combustor is chosen for the
current application. The flowfield inside this single injector flame
tube is representative of what happens inside the real combustor:
massive separation, strong recirculation and swirling, etc. This flow

Fig. 10 Contours of axial velocity with different RCPs; simulations
move from RANS toward LES.
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has been studied both experimentally and numerically (LES24). The
combustion chamber is a rectangular box. A highly swirling jet is
injected from a circular inlet. The Reynolds number based on the
inlet axial velocity and diameter is about Re = 3.2 × 106. A grid
of 495,000 elements was used in the simulation, and this is consis-
tent with the estimation provided by Eq. (29). At the inlet, only the
mean profiles of velocities, density, and temperature are specified.
At the outlet, simple extrapolation is used to minimize the possible

Fig. 11 Contours of vorticity magnitude with different RCPs.

Fig. 12 Contours of kinetic energy of unresolved scales; simulations
evolve from RANS toward LES as RCP decreases.

Fig. 13 Contours of effective eddy viscosity with different RCPs.

Fig. 14 Instantaneous axial velocities along centerline compared with
mean LES data.

unphysical reflections. Figures 10 and 11 show the instantaneous
contours of the axial velocity and the vorticity magnitude, respec-
tively. They are obtained from three different values of RCP: 1.0,
0.46, and 0.38. Figures 12 and 13 show the instantaneous features
of the kinetic energy of the unresolved scales and the effective eddy
viscosity. These results demonstrate again that reducing the resolu-
tion control parameter will change the characteristics of simulation
from RANS toward LES. Figure 14 shows the comparison between
several instantaneous centerline axial velocity distributions with the
mean value provided by LES data.24 Apparently, the simulation with
RCP = 0.38 and a relatively coarse grid spacing captured many fea-
tures of LES. Figure 15 shows the time history of the velocity com-
ponents and their power spectra at a centerline location inside the
recirculation region. The broadband feature of the power spectrum
clearly indicates that a wide range of large-scale turbulence has been
captured by PRNS.
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Fig. 15 Fluctuating velocities of resolved field and their time PSD at x = 0.1 m, y = 0, and z = 0.

V. Conclusions
Under the premise that small-scale motions also tend to have

small timescales, the large-scale turbulence is defined by a tem-
poral filter with a fixed filter width. This eliminates the problem
of commutation errors when the governing equations are being fil-
tered. In addition, exact relationships can be established between
various time-averaged quantities (the mean velocity, the Reynolds
stresses, etc.) and the statistics calculated from the solution of the
resolved field and the models for the unresolved scales. This will
allow apple-to-apple comparison between the measured data and
the calculated results.

The effects of the unresolved field on the resolved field are ac-
counted for by a subscale eddy viscosity. We have proposed a sub-
scale eddy viscosity model that has a resolution control parameter to
regulate implicitly and nonlinearly the low end of the resolved large
scales. At the present time, the overall model is intended for the
VLES. We choose the low end of the resolved scales to be the size
of the dissipative eddies permitted by the effective eddy viscosity
and the dissipation rate of the unresolved field, and this enables us
to establish guidelines for selecting the resolution control parameter
and the numerical grid spacing that optimizes the accuracy of the
numerical simulation.

The validation and application of the overall approach, termed
here PRNS, have successfully been carried out using a fully devel-
oped turbulent pipe flows at different Reynolds numbers and a flow
in a single-injector flame tube. These results have demonstrated that
this approach is quite promising for conducting a VLES of turbu-
lent flows from RANS toward LES. To continue its validation and
to further its improvement, we will apply it to the flow analysis of
several fuel injectors recently investigated in test rigs.
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